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Abstract 

We determine the T-equivariant integral cohomology of F4/T combinatorially by the 
GKM theory, where T is a maximal torus of the exceptional Lie group F4 and acts on F4/T 
by the left multiplication. 

1 Introduction and statement of the result 

The cohomology of homogeneous spaces are studied by many mathematicians, for example 
A. Borel and R. Bott. Let G be a simple, compact, connected Lie group and T its maximal 
torus. The homogeneous space G/T is a flag variety and it plays an important role in topological 
geometry, algebraic geometry, representation theory, and combinatorics. It is natural to consider 
the problem to determine the T-equivariant integral cohomology ring H^(G/T) — H*(ET Xt 
G/T), where T acts on G/T by the left multiplication. 

Gorcsky, Kottwitz, and MacPherson GKM] gave a powerful method to determine the equiv- 
ariant cohomology with Q coefficients of some good spaces. It is called the GKM theory. Let us 
explain how the GKM theory works in our situation. Since the fixed points set (G/T) T is the 
Weyl group W(G), the inclusion i: (G/T) T — > G/T induces the map 

i* : H^(G/T) Ht((G/T) t ) — JJ H*{BT) = Map(W(G),H*(BT)). 

W(G) 

Tensoring with Q, i* is injective by the localization theorem. Then Guillemin and Zara |GZj 
restated an important theorem of the GKM theory as: the T-equivariant cohomology H^(G/T) 
is completely determined by a graph with additional data obtained from G. Especially they 
defined the "cohomology" ring of the graph as a subring of M&p(W(G), H*(BT)) and showed 
it coincides with the image of i*. This graph is called a GKM graph. Harada, Henriques, and 
Holm |HHHj showed that i* is injective with integral coefficients whenever G is not of type C. 

As a consequence of concrete computations by the GKM theory, for a simple Lie group G 
of classical types and type G2, Fukukawa, Ishida, and Masuda |FIM] . [F] determined the coho- 
mology ring of the GKM graph of G/T. They determined the equivariant integral cohomology 
rings H?p(G/T) for a Lie group G of type A, B, D, and G2. In this paper we determine the 
T-equivariant integral cohomology ring of F±/T by the GKM theory. The ordinary integral 
cohomology ring H*(F4/T) was determined by Toda-Watanabe [TWj . 
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For x = (xi, . . . , x„), let e^(x) denote the i th elementary symmetric polynomial in xi, . . . , x n . 
Put x k — (xf , . . . For a linear transformation a of Rxi©- • -©Rx„, let ax — {ax\, . . . , ax n ). 

Then ei(x k ) and ej(ax) denote the z th elementary symmetric polynomial in xf,...,x„ and 
axi, . . . , ax n , respectively. The following theorem is the main result of this paper. In this 
theorem t = (ti, i 2 , tz, ti), r — (n, r 2 , r 3 , r 4 ), and p is the linear transformation of Rii ffi • • -©Ri 4 
defined as (13. 2j) . 

Theorem 1.1. Let T be a maximal torus of F4 which acts on F 4 /T by the left multiplication, 
then the T-equivariant integral cohomology ring of F4/T is given as: 

H^(F A /T) = Z[tf, 7,^,71, 73, w I 1 < i < 4]/(r' 1; n, r 2 , r 3 , r 4 , r 6 , r 8 , ri 2 ), 

w/iere |^| = | 7 | = |t ( | = |-yi I = 2, I73I = 6, and \u\ = 8. Put A = 7l 4 + 7l 2 ei (t)ei(r) - 7S,ei(r) - 
7ie3(0 +7i e 2(*) + 7 iei(t)e 2 (t), t/ien 





= 2 7 -ei(t), 




ri 


= 2 7l -( ei (r) 


-ei(t)), 


ri 


= 2 7l 2 - (e 2 (r) 


-e 2 (t)) + (ei(r)-ei(t))ei(t), 




= 273 - (e 3 (r) 


-e 3 (t)), 


r-4 


= 2A + e 4 (T) - 


e 4 (f) - 3cj, 




= 7 3 + 73 e 3 (t) 


- 7i e 4(T") - 7iei(t)e 4 (r) - (w - A)e 2 (t) - 7 2 w. 


r& 


= e 4 (r) 2 -A 2 - 


f (e 4 (r) + 2cj)A - e 4 (r)(2w + e A {t)) - u;e 4 (pt), 



r 12 = uj(uj - e 4 (/0t))(cj + e 4 ( i o 2 i)). 

We can obtain the integral cohomology ring of F 4 /T as a corollary of Theorem II .11 as follows. 
There is a fibration sequence 

F 4 /T ET x T F 4 /T — ^ BT. 

Since the projection p: ET x T F 4 /T -> BT restricts to tt: ET Xy (F 4 /T) T -> ST by com- 
posing the inclusion i: ET x T {F 4 /T) T -)• ST x T F 4 /T, the induced map tt* : H*(BT) -> 
iT*(T;T x T (F 4 /T) T ) = Map(V(T 4 ), H*(BT)) sends elements of H*(BT) to constant func- 
tions. In Theorem 11.11 ii, i 2 , i 3 , i 4 , and 7 are constant functions (see Section [4j. Since the 
cohomology of F 4 /T and BT have vanishing odd parts, the Serre spectral sequence of the fibra- 
tion p collapses at the £J 2 -term. Hence H*(Fi/T) = i? T (F 4 /T)/(ii,t 2 ,t 3 ,t 4 , 7). 

Corollary 1.1 ( |TW1 Theorem A]). The integral cohomology ring of F 4 /T is given as: 



H*(F 4 /T) ^ Z[Ti,7i,73,W I 1 < % < 4\/(r 1 ,r 2 ,r 3 ,r 4 ,r 6 ,r 8 ,r 12 ), 
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where 



r\ = 


271 - ei(r), 




r~2 = 


27i 2 -e 2 (r), 




r~3 = 


273 ~ e 3 (r), 




r 4 = 


e 4 (r) -2 7 ie 3 (T) +2 7 f 


— 3w, 


r~e = 


-7i 2 e4(V) +7I, 




r~a = 


3e4(r)7j t — 7? + 3w(w 4 


-e 3 (r)7i) 


r\2 = 


,c 3 . 





Corollary II .11 will be proved in Section[5J Throughout this paper, all cohomology groups and 
rings will be taken with integral coefficients. 

2 GKM graph and its cohomology 

Let G be a compact connected Lie group and let T be its maximal torus. Specializing and 
abstracting the work of Goresky, Kottwitz, and MacPherson [GKMJ, Guillemin and Zara |GZj 
introduced a certain graph to each of whose edge an element of H 2 (BT) is given and showed the 
T-equivariant cohomology of G/T with complex coefficient is recovered from this graph. Let us 
introduce this special graph. Recall that there is a natural identification 

Homes' 1 ) £S H 2 (BT), 

where the left hand side is the set of weights of G. Let W(G) and $(G) denote the Weyl group 
and the root system of G, respectively. Since every root is a weight, we regard $(G) C H 2 {BT). 
There is a canonical action of the Weyl group W{G) on Hom(T, S 1 ) and it restricts to $(G). 
We denote this action as wa for w € W(G) and a £ H 2 (BT). Recall that each a G $(G), one 
can assign a reflection cr a which is an element of the Weyl group W(G). 

Definition 2.1. The GKM graph of G/T is the Cayley graph of W(G) with respect to a 
generating set {a a S W{G) \ a 6 ^(G)} which is equipped with the cohomology classes ±wa £ 
H 2 (BT) to the edge ww' satisfying w' = wa a . We call ±wa the label of the edge ww' . 

The ambiguity of the sign of the label ±wa occurs from the equation w'a = wcr a a — —wa. 
Let us introduce the cohomology of a GKM graph. Consider a function / : W(G) — > H*(BT) 
between sets. We say that / satisfies the GKM condition or / is a GKM function if for any 
w £ W(G) and a £ $(G), 

f(w) - f{wa a ) £ {wa) C H*{BT), 

where [x\, . . . , x n ) means the ideal generated by xi, . . . , x n . It is easy to see that all GKM 
functions form a subring of Ilw(G) H*[BT), where we identify the set of all functions W(G) —> 
H*(BT) with Uw(G) H*(BT). Since the GKM graph of G/T has W{G) as its vertex set, a 
GKM function assigns an element of H*(BT) to each vertex of the GKM graph. 
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Definition 2.2. Let Q be the GKM graph of G/T. The cohomology ring H*{Q) is defined as 
the subring of rime?) H*(BT) consisting of all GKM functions. 

Guillemin and Zara |GZ1 Theorem 1.7.3] restated an important theorem of the GKM theory 

as 

Ht(G/T; C) = H*{Q) <g> C. 

Harada, Henriques, and Holm refined this result to the integral cohomology. More precisely, we 
have: 

Theorem 2.1 ([HHH ( Theorem 3.1 and Lemma 5.2]). Suppose the Lie group G is simple and 
let G be the GKM graph of G/T. If G is not of type C\, then there is an isomorphism 

H^(G/T)^H*(g). 

3 The GKM graph of F 4 /T 

In this section we describe and analyze the GKM graph of F 4 /T. First of all let us choose 
a maximal torus of F 4 . Let T be the standard maximal torus of SO(9) and let ti, I2, £3, 
£4 G H 2 (BT A ) be the canonical basis. For the universal covering fj, : Spin(9) — > 50(9) let 
T = /i _1 (T 4 ). Then T is a maximal torus of Spin(9). Since Spin(9) is a Lie subgroup of F4 
(cf. pQ), T is also a maximal torus of F 4 . We fix a maximal torus of F 4 to T. Let U denote 
fi*(U) G H 2 (BT). By definition we have 

H*(BT) = Z[ti,t2,t3,U,i\/(2rf - e x {t)). 

To describe the Weyl group W{F±) we start with the root system of F4. The root system 
$(i<4) is given as: 

$(F 4 ) = {±(ti + tj), ±(U - tj), ±t k , |(±ti ± ta ± h ± U) I 1 < i < j < 4, 1 < k < 4} 

The roots ±(ij + tj) and ±(i^ — tj) are called long roots, and ±ifc and ^(±ii ± £2 ± ^3 ± ^4) are 
called short roots. Put 

a\ = t2 — t 3 , ct2 = t 3 - t 4 , 

1 . . 

a 3 = t 4 , a 4 = -{tx -Z2 — h- t 4 ). 

Then the Dynkin diagram of F 4 is as: 

o 0^=0 o 

u\ a.2 a 3 a 4 

Then W(F 4 ) is generated by the reflections a ai for i = 1,2, 3, 4. Since Spin(8) is a Lie subgroup 
of F 4 , the root system of Spin(8) is contained in $(^4), which is given as: 

$(5pin(8)) = {±(ti + tj), ±{U - tj) I 1 < i < j < 4} 
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It consists of the all long roots of the root system $(-£4). Then the Weyl group W(Spin(8)) is 
generated by the reflections associated with the long roots, and W(Spin(8)) is a subgroup of 
W{F 4 ). 

Put W = W{Spin(8)). The vertex set W(F 4 ) of the GKM graph of F 4 /T is decomposed 
into 6 cosets by the next theorem. 

Theorem 3.1 ( Theorem 14.2]). The Weyl group W of Spin(8) is a normal subgroup of 
W(F&) and there is an isomorphism W{F&)/W = ©3, where & n is the symmetric group on 
n-letters. Moreover W (F4) /W acts by permuting the three root pairs 

±i(*i+ta+*s-*4), ±\{h +t 2 + t 3 + t 4 ), ±t 4 . (3.1) 

Let us describe the representatives of the cosets W(F4)/W. First we define an element p of 
W(F 4 ) as 

P ^03 ®a>2 ^ai ^olq ® oli &oti ^03 &a>2 ® ola 1 (^ - ^) 

where ao denotes the root t\ — £2 of Spin(8). By a straightforward calculation, we have 

, j-l + U (i= 1,2,3) 
PU = < (3.3) 
[7~*4 (« = 4), 

'-1 + U + U (i = 1,2,3) 

-7 (» = 4), 



P 2 ^ 



and 

p 3 = id. 

By the above equations the root system $(F 4 ) can be rewritten as: 

9{F A ) - {±(t< + tj), ±{U - tj), ± P £ t k I 1 < i < j < 4, 1 < k < 4, < e < 2} 

Note that p permutes the three root pairs (|3.1j) cyclically and k = at A interchanges ±|(ii +^2 + 
t a — ti) = ±pti and ±\{t\ +t 2 +t 3 + i 4 ) = ±p 2 ti. Hence W{F 4 )/W = 63 is generated by p 
and k. Since the equation 

np = p 2 K (3-4) 

holds, we have a coset decomposition 

W(F 4 ) = JJ[ p £ K 5 M/. 

e=0,1.2 
5=0,1 

We will describe the GKM graph J4 of F 4 /T. There are 24(= #$(F 4 )) edges out of each 
vertex of T 4 . The half of these edges correspond to the long roots ±(ti ± tj) and the other half 
correspond to the short roots ±p E tj. 

The subgraph induced by W is the GKM graph Q of Spin(8)/T and it is well understood in 
[FTM] . Let //k^ be the GKM subgraph induced by p e n s W for e = 0, 1, 2 and 5 = 0, 1. For any 
e and 5 the induced subgraph p £ n 5 Q is isomorphic to C? as graphs. Indeed if an edge ww' in Q 
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satisfies w' = wa a for a root a of Spin(8), then p £ K S w and p £ n s w' satisfy p £ n s w' — p £ n s wa a , 
and vice versa. Moreover, labels of edges of p £ n s Q are also determined by Q as follows. When 
an edge ww' has a root ±/3 as its label, the label of the edge connecting p £ n s w and p £ n s w' is 
±p £ K S (3. Remark that if an edge ww' in p £ n s Q satisfies w' — wcr a , then a is one of the long 
roots. 

From the above argument, it is sufficient to consider the edges connecting two of p £ n s Q , s, 
which correspond to the short roots. Easy calculations show that 

Cfc, = a pU = p 2 K, <T p 2 ti = pn. 

Then the GKM graph T\ has an induced subgraph below, where e denotes the unit element of 
W(F^) and element of W{F^) in each circle denotes a vertex of J-4. The labels are calculated 
later. /^~~\ 




We will calculate the reflection a a for a short root a to describe J-4. For example let us consider 
the short root pt\ and the reflection a p t 1 . By (|3.3[) we have pt\ = \it\- i2— £3 — £4) = at 2 at 3 (pt4). 
Then a p t 1 — at^dt^pti^t^o't^ and <Jt 2 °'t 3 £ W'. Since is a normal subgroup of iy(F4), we 
have W ■ p 2 nW — p 2 nW in W(Fi)/W . Hence a p t 1 is also contained in p 2 nW. For any i, it is 
shown similarly that 

(J p ti 6 p 2 nW, <J p iti € PkM 7 " 

and obviously we have 

cr ti e «;W. 

Hence, for any < e, e' < 2 and 5 = 0, 1, it is independent from the choice of i and w 6 p € k s W 
which coset contains wa p e ti . We have understood the underlying graph of J-4. 

Let us calculate the label of the edge connecting the vertices n and p in the GKM subgraph 
(|3.5p . which corresponds a short root pt^. Then the label of the edge is ±K(pti). It follows from 
the relation (13.41) that 

±n(pti) = ±p 2 nt4 — ±p 2 t4. 

One can make similarly calculations of the labels of other edges in the GKM subgraph (|3 .5[) . 
For any w € W, w fixes three sets of short roots {±ti}? =1 , {±/^i}f = i an d {±P 2 ti}t=i sm ce 
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w permutes i,' s and changes the signs of even number of Vs. Hence the label ±p £ n s w(a) is 
calculated similarly for any short root a. 

We can now describe a schematic diagram of T\ as below. 

G 




This diagram means the followings. For example, Q and pQ are not adjacent in this diagram. 
It means that for any vertices w G W and w' G pW, they are not adjacent. On the other 
hand, pQ and pnQ are adjacent in this diagram, and a pair (pi^cr^) is assigned to the edge. 
The first entry pti is a root and the second entry a tj is a reflection. If two vertices w £ pW 
and w' G pnW are adjacent in J-4, then they satisfy w' = wa t . for some j, and the edge uuw' 
is labeled by pti for some i. The label ±pU equals to ±wtj. Especially each vertex of pQ is 
connected to 4 vertices of pnQ by the edges correspond to the short roots tj's (1 < j < 4), and 
vice versa. The labels of these edges are ±pt^s (1 < i < 4). Every pti's appear as the labels of 
the edges out of each vertex of pQ. The situation is the same for any connected two subgraphs 
in the schematic diagram (|3.6|) . 



4 Proof of the main theorem 

There is a fibration sequence 

F A /T ^ETx T F 4 /T ^BT. (4.1) 

The cohomology rings of F4/T and BT are free as Z- modules and have vanishing odd parts. As 
shown in Section |3l H*(BT) has 5 generators ii, £2, £3, £4, and 7 of degree 2 and one relation 
of degree 2. According to [TWj . H*{Fa/T) has n, T2, T3, T4, and 71 of degree 2, 73 of degree 6, 
and w of degree 8 as its generators, and H*{Fi/T) has seven relations of degree 2, 4, 6, 8, 12, 
16, and 24. We can expect H^{F^/T) has corresponding generators and relations. It is easy to 
see the Poincare series of F4/T and BT are 

4 1 - x Ai 1 
(l + x« + a; «)JJ T _^. and 4 , 

i— 1 ^ ' 
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respectively. Hence we obtain the following proposition by Serre spectral sequence. 
Proposition 4.1. H^(F 4 /T) is free as a "E-module and its Poincare series is 

P(H*(ET x T F 4 /T),x) = — ^ (1 + + z 16 ) n 

By the fibration sequence (|4. 1[) generators of H^(F 4 /T) come from the cohomology oiF 4 /T or 
BT. Let us define the corresponding GKM functions U, 7, r», 71 and 73 G Map(PF(F4), H*{BT)) 
for 1 < i < 4 and GKM functions 72 and 74 for convenience in Section [5] as: for any w G W(-F4) 

U(w) =U (i=l,...,4) 
7(10) = 7 

Ti(w) = (i = 1, .. . ,4) 

lj = \{e j {T)-e j {t)) (7 = 1,2,3), 

and 

weiyUp 2 KVF 

e 4 (p 2 i) 10 G p 2 VF U (4.2) 
-e 4 (i) to G pW U kVF. 

2 74 . Then 
w eWUnW 

-e 4 (p 2 t) w G pW U pkM/ (4.3) 
e 4 (/rf) w G p 2 !^ U p 2 nW 

Since V s and 7 are constant functions, they are GKM functions. A straightforward calcula- 
tion shows the following relation holds. 

e 4 (t) + e 4 (pt) + e 4 (p 2 t) = (4.4) 

By the schematic diagram p.6j) of T 4 one can see 74 is a GKM function since e 4 (p £ t) is the 
product of all p e t 4 , p £ t 2 , p e t 3 , and p e t 4 for e = 0,1,2. The following calculation shows rj's 
satisfy the GKM condition. For any edge ww' which satisfies w' = wa a , we have 




n(w) - Ti(w') = io(tj) - w'(ti) 

(a, a) 



(t, - (t, - 2Ma 



oQ 
= 2 7 -wa. 

{a, a) 

Since GKM functions form a ring, for j = 1, 2, 3, we see that jj's are functions from W(F 4 ) to 
H* (BT)®Z[h] which satisfy the GKM condition tensoring with Z[~]. The following calculations 
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show that 7,-'s are H* (BT)-valued functions. Let p extend to an automorphism of H*(BT) 
naturally. For w E W U nW = W(Spin(9)) and e = 0, 1, 2, 

7 J (p e ^) = ^(e J (r)-e j (i))(p s i ( ;) 
= ^(p e e i W«))-e j (t)) 

- P e (l(ej(w(t)) - ej (t))) + i(e,(p £ - ej(t)). 

Since u? only permutes tj's and changes their signs, it is obvious that ^(ej(w(i)) — ej(t)) e 
H*(BT). Then p e (i( ej (w(t)) - e 3 -(f))) G H*(BT). On the other hand one can see \{e 3 {p e t) - 
6j(t)) G H*(BT) for £ = 0, 1,2 as follows. When e = 0, |(ej(p e t) -e,-(t)) = and it is contained 
in H*(BT). When £ = 1,2, Table Q] shows the value of \{e. } {p e t) - ej{t)) for j = 1,2,3. Then 
jj is a -ff*(£?T)-valued function and then a GKM function. The following lemma will be proved 
in Section [5j 

Lemma 4.1 (see [FTMI Lemma 5.4]). Let Fa be the GKM graph of F 4 /T, then H*(F±) is 
generated by the GKM functions U, 7, n, 71, 73, uj (i — 1,2,3,4) as a ring. 

Table 1: the value of h{ej{p s t) — Gj(t)) 





i = i 


3 = 


2 






.7=3 


e = 1 


-7 - < 4 


-7 2 


f u 


£47(7 


-**) 


-t 4 (*l*2+i2*3+*3*l) 


e = 2 


-2 7 + u 


(-2 7 4 


- £4)^4 


7 3 - 


i 4 7 2 " 


-7(*1*2 + *at 3 +*3*l) 



By the fibration sequence ()4. 1[) we can expect some relations hold in H*{Fi) : which come 
from the relations of H* (BT) and H* (F4/T). Proposition^^] claims the corresponding relations 
hold in H*{Ti). 

Proposition 4.2. The following relations hold in H*{Fi) C Map(W A (F 4 ), H*(BT)); 



27 = ei(t) (4.5) 

2 7l = e 1 (r)-e 1 (t) (4.6) 

27i 2 - (ea(r) - e 2 {t)) + ( ei (r) - ei(t))ei(t) (4.7) 

273 = e 3 (r) - e 3 (t) (4.8) 

2A + e 4 (r) - e 4 (t) - 3w = (4.9) 

73 + 73e3(0 - 7ie4(T) - 7iei (t)e 4 (r) - 7 4 e 2 (t) - 7 2 w = (4-10) 

e 4 (r) 2 - A 2 + (e 4 (r) + 2w)A - e 4 (r)(2cj + e 4 (i)) - cue 4 (pt) = (4.11) 

w(a;-e 4 (pt))(w + e 4 (/9 2 t)) = 0, (4.12) 
where A = jf + 7 2 ei(i)ei(r) - 7 3 ei(r) - 7ie 3 (t) + -f 2 e 2 (t) + Jie 1 (t)e 2 (t). 
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We have also the following relations in H*{Fi)\ 

2 7 2 =e 2 (r) -e a (t) (4.13) 

72=7i 2 +7ieiW (4.14) 

72 - 73ei(r) - 7ie 3 (t) + 72e 2 (*) - e 4 (r) + e 4 (i) + 3 74 = (4.15) 

74(74 + e 4 (t))(74 - e 4 (p 2 t)) = (4.16) 

Proposition [O] and these relations P~T5|) . (l4~Ti|) . (|4~T5l) . (|4TT5|) are proved in Sectional The 
equation (|4.15[) can be modified as: 

74 = w - 72 + 73ei(r) + 7ie 3 (t) - 7 2 e 2 (i) 

= uj-A (4.17) 

This relation claims that 74 can replace uj as a generator of -ff*(7 r 4). The following lemma is 
proved in Section [7] 

Lemma 4.2. Z[£j, 7, Tj, 71, 73, cj]/(r' 1 , n, r 2 , ^3, r 4 , r6, rg, 7*12) is free as ali-module, and its Poincare 
series coincides with that of Hj,(Fi/T). 



Now we are ready to prove Theorem 11.11 

Proof of Theorem \l.l\ Let I denote the ideal (r[, 7*1, r 2 , ^3 , r 4 , r6 , r 8 , I2) m the polynomial ring 
Z[tj, 7, Tj, 71, 73, cj I 1 < i < 4]. We have a surjective ring homomorphism 

2^,7,^,71,73,0; | 1 < t < 4] ->• JJ*(^ 4 ) 

by Lemma l4~Tl and it factors through Z[tj,7, Ti, 71, 73, u; | 1 < i < 4]// -> 7?*(J-" 4 ) by Proposition 
14.21 It follows from Proposition ^. H and Lcmma l4~2l that H*{F±) and Z[ij, 7, Ti, 71, 73, w | 1 < i < 
4]// are free as Z-modules, and Z[ti, 7, Ti, 71, 73, u; | 1 < i < A]/I and H*{J-/Cj have the same rank 
in each degree. Therefore the ring homomorphism Z[U, 7, Ti, 71, 73, uj 1 < i < —> ff*(J-" 4 ) 
is an isomorphism and Theorem 1 1.1 1 is proved by Theorem 12. II □ 



5 Proof of Lemma 14.11 

First we introduce some notation for the proof of Lemma 14.11 For n G N let [n] and ± [n] be 
{i 6 Z | 1 < i < n} and {±i G Z | 1 < i < n}, respectively. For 1 < n < 4, let /„ denote 
an ordered n-tuple (ii, . . . ,i n ) of elements of [4] which does not include the same entries, and 
I' n denote an ordered n-tuple (i[, . . . ,i' n ) of elements of ±[4] such that \i' k \ ^ \i[\ for k ^ I. We 
often regard I n , I' n as the non-ordered ?i-subsets of [4] by the following maps. 

(«!,..., i n ) M- {il,...,i n }) («!,■•■, 4) ^ {Nil) •• -.141} 

For £ = 0,1,2, we define a subset p e W\l of VF(F 4 ) as: 



p e W^? = {w G VF(F 4 ) | to G p e W(5pm(9)), w(i ih ) = p e i^ (1 < fc < n)} 



The equivariant integral cohomology of F4/T 



11 



We define Iq and I' a to be the empty set. Note that p £ W I I 1 1 includes p e W I I 7 and decomposes 
as follows. 

i„e[4]\/ n _! i„e[4]\/„_! 

For a set S = {ji, . . . , jk} of natural numbers with ji < • • • < jj., let x$ denote a sequence 
(xj x , . . . , a;j fc ) for x = t, pt, p 2 t 1 t. For n > 0, j < 4, and e = 0, 1, 2, let 7^ j? be a function 
from /9 e Wj? to Z[|][ti, £2, ^3) £4] defined as 

% (£) fe = ^( e i( r [4]\/J ~ e j(P £f [4]\z;)), 

where /„ and I' n are regarded as subsets of [4]. When n = we abbreviate by 7^ . If 

j < or j > 4 — n, we define 7^/7 = 0. 

By the relation (14. 17)) and (|4.15p . it is sufficient for proving Lemma T4. II to show that GKM 
functions ti, 7, Tj, 7, (1 < i < 4) generate H*{F±) as a ring. Let denote — tj. We define a 
function fi 6 ) 1 ^- 1 which is useful in the proof of Lemma |4~T1 as: 

fee[4]\/„_i 

This function is _ff*(_BT)-valued on pFWj?' 1 , since for any w £ p e W I f~ 1 there exists fc G 
[4] \ I n -x such that 10 £ p e W^? -1 '* ^ U p £ W^~ 1,k \, ^ by the decomposition (|5.1[) . and then 
w(tk) — p e ti> equals to or —2p e ti> . Especially this function vanishes on the summand 

luiw^ p ew (ii:% and for w e ^ w vC% 

f^lr t (w)=-p%, n { P H k -pH,J. (5.2) 

fee[4]\i; 

Let R denote the subring of H*(T4) generated by ti's, 7, t»'s, and 7i's (1 < i < 4). The following 
proposition claims this function /^ e ^ ra_I can be replaced partly by an element of R. 

Proposition 5.1. For 1 < n < 4, £/iere is a polynomial in 71, 72, 73, 74 over H*(BT), which 
coincides with the function /( e )j/" _1 on / e W'^?~ 1 . 

Proposition 15.11 is a consequence by Lemma 15.11 and 15.21 below. 

Lemma 5.1. For 1 < n < A, there is a polynomial in t^j? -1 's (1 < j < 4 — (n — 1)) over 
H*(BT), which coincides with /'• e -' i ," _1 on p e Wj? _1 . 
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Lemma 5.2 (see |FIM1 Lemma 5.3]). For 1 < n < A, there is a polynomial in j^ 1 /? 1 , • ■ • , TiJ^j™ 1 
over H*(BT), which coincides with 7^ (j? -1 '*/) 0?l p e W^ I "~ 1,l ^\ j . More explicitly, 

.ES^-A;)' Bgn<; = l 

7 (e)j„ _ I fc=0 

fc=0 ™ _1 fc=l 

Proof of Proposition \5. 1\ By Lemma l5.ll there is a polynomial in 7j £ ^j?~~ 1 's (1 < j < 4— (n — 1)) 
over H*(BT), which coincides with f^ 1 ^' 1 on ^W^? -1 for e = 0,1,2. Then by Lemma I5T21 

7^(r "^i") can ^ e re Pl ace d by some polynomial in 7^' ) j? _1 , . . . , 74_ n j? _I over H*(BT). Iterated 
use of Lemma 15.21 makes n smaller and smaller, and finally we reached to a polynomial in "ff, 
7f, 7| , 7| over H*(BT), which coincides with Z^/ 1-1 on p E W I 7~ 1 for e = 0, 1, 2. Next we need 

to show that jj - G H*(BT) on p £ W{Spin(9)) for 1 < j < 4 and e = 0, 1,2 to complete 
the proof of Proposition 15.11 By definition we have 

lf ] = 1 3 + \(e 3 {t) - ejfjft)) (j = 1,2,3). (5.3) 

For e = 0,1,2 and j = 1,2,3, Table □ shows that (ej(t) - e 3 (p e t))/2 G H*(BT) and then 
7j - 7^°j G H*{BT) on p e W(Spin(9)). By the definition of 74 and the equation (|4.4[) . we have 

7 f ) =7 4 onW(5pw(9)), 
7^ = 74 + e 4 (t) on pPV(S>n(9)), 

7 4 2) = 74 - ei(pH) on p 2 W(iS , pin(9)). 

Therefore there is a polynomial in 71, 72, 73, 74 over H*(BT), which coincides with the function 
f&l?- 1 on (fW^-\ □ 

Proof of Lemma \5.1\ Without loss of generality, we may suppose that I n -i — (1,... ,n — 1). 
Note that ej(xs) = for j > #S or j < and we have 

&j (^l, • ■ • , *^m — 1 , -^m ) — &j (^1 , • • • , ^m— l) ~l~ ^j — 1 (^1 , ■ • ■ , ^rn— 1 )^m • (^-^O 

By the definition of j™ -1 we can modify the GKM function 

4— n 5— n 



2 11 V " T ' r 2 



to 

5— n 



-^(2 7 f \Z\+e j {P s tm\r n _ 1 )){-P s ti- n f~ n ' j - (5-5) 



2 
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Pay attention to the sign of i' n and recall [4] \ I' n _i = {i € [4] | ±i I' n —\\- By the equation 
(J53J), (1531 equals to 



5— n 5 — n 



if 7f ]I /r 1 ) 5 -"-^ sgn i' n = 1 

5— n . . 4— n 

E lfv(-P e U' n ?~ n - ] + E ^(P^MV/Jl-P 5 ^) 5 -"^' sgn ^ = -1. 
,j=o 3=0 

This calculation shows Lemma [Ol □ 



Proof of Lemma WM The relation Ti n ~ p e ti' n holds on p e W^] 1 ' i i ,y Then we have 

(e)/»-i _ (e)(/„-i,i„) 

= 2( e i( T ieK]\J»-i) _ ^(/'.'eWU;^)) ~ |( e i( r ie[4]\J„) - ej(/> E *i'e[4]\/;)) 
= 2( e i-i( r »eWU») T '« ~ e i-i(p £ *i'e[4]\i;)p £ %|) 

f7j-ij;P £ *i; sgn 4 = 1 

\7,--ij;P e *i; + ej-i(p £ ti' G [4]\7;)p £ *i; sgn £'„ = -1. 

Iterated use of this equation shows that 

(e)(I n -i,i n ) _ I k=0 71 1 

E7il ) J^!(-P £ k) fe +Ee j - fc (p £ t [ 4]V4)(-^J ,! sgn^ = -l. 

k=0 " _1 fc=l 



Now we are ready to prove Lemma 14.11 



□ 



Proof of Lemma \4^1\ We only need to show that any GKM function h G H*{Fa) belongs to the 
subring R generated by tj's, 7, Tj's, and 7i's (1 < % < 4). By the definition of p, the set of all 
vertices W{Fi) of T4 decomposes as: 

T^(F 4 ) = W(Spin{9)) U ^(5^(9)) U p 2 W(Spin{9)). 

For each e = 0, 1, 2, p e W A (5'piri(9)) has a filtration 

//W^f c • • • C ,o e Wj? c ffW*?' 1 C • • • C = p s W(Spin(9)). 
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By decreasing induction on n, we will show that any GKM function h can be modified to be 
on p E Wj7 by subtracting some GKM function in R. Moreover in the induction step on n we 

give an induction to fill the decomposition (|5.1|) of p e W I f~ 1 . 

Let < n < 4. The following claim in the case where n = shows that h can be modified 
to be on W(Spin(9)). 

Claim 1 (n). For any ordered n-tuples I n , I' n and any junction h from W 1 ^ to H*(BT) which 
satisfies the GKM condition on W 1 ^ , there is a GKM function G G R which coincides with h 
on W'j?. 

We show this claim by decreasing induction on n. For n = 4, since Wit is a one point set, the 

4 

claim holds obviously. Assume Claim[T](ri) holds, and fix I n = (ii, . . . , i n ) and I' n = . . . , i' n ). 
Then subtracting the polynomial of Claim [T] (n) from h, which coincides with h on W 1 ^ , we 

may assume h vanishes on W*?. We give an induction to fill the decomposition (|5 . 1 [) of W Ji 1 

as follows. For any k G [4] \I n and w G W(k, i' n ), wo G W(i n , i' n ), where a denotes the reflection 
associated with t^ — ti> . Then by the GKM condition, h(w) — h{wa) = h(w) belongs to the 
ideal generated by w(ti n — tk) = w(ti n ) — ti' = T i n ( w ) — U' ■ Put fco, . . . , k^ n G [4] \ I n -\ as 
fc = i n , k s < kt for 1 < s < t and {fc , . . . , k^ n } U 7 n _i = [4]. 

Claim 2 (t). If h is a GKM function which vanishes on U s<t w|j? _1 '* s j, there is a GKM 
function G G R such that h coincides with Y\ s<t (jk s — ti^G on 

We show this claim by induction on t (0 < t < 4 — n). Without loss of generality, we may 
suppose that I n -i — (1, . . . , n — 1) and fco = i n = n, ki = n + 1, . . . , fc4_„ = 4. We rephrase 
Claim H (f) as: 

Claim 2 (fc). If h vanishes on U <;<fc > there is a GKM function G G R such that 

h coincides with rio<i<fc( T ™+' ~ ^i' n )G on W^?' 1 '™,^ . 

Obviously IIo<i<fc( T ™+* _ *i'„) vanishes on U < i<fc ^(z;!^™;) • For w e wfiill'J'J^ > by the 
GKM condition, there is an element g w G H* (BT) such that 

h(w) = Yl ( T n+i - ti>J(w)g w . 

0<l<k 

One can verify that a function G": W^T 1 ^^ -> H*(BT) given by 

G'{w) = g w 

satisfies the GKM condition on wW"^ 1 ^^ as follows. Assume that two vertices w, w' G 
of J-4 satisfy w' = wa a for some positive root a. Then a = ti —tj, where i < j and 
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i, j G {m sZ|n<m<n.+ fe — 1 or 71 + + 1 < m < 4}. When i < j < n + /sorrt + fc < i < j, 
the GKM condition says 



h(w) - h(w') = (w(t n+l ) - t Vn )G'{w) - {wa ti - tj {t n+l ) ~ ti> n )G'(w') 

0<l<k 0<Kk 

o<;</c 

belongs to the ideal — tj)). Since w(t n+ i) — V and — ij) are prime, G'(w) — G'(w') 

also belongs to the ideal {w(ti — tj)). When i < n + k < j, the GKM condition says 

h(w) - h(w') 

= H (w(t n+ i)-ti, n )G'(w)- H {wcr ti - tj {t n+ i)-t Vn )G'{w') 

0<l<k 0<Kk 

= H (w(t n+l ) - r,;j(W 4 ) - U, n )(G'{w) - G'{w')) + (w(ti) - w(t 3 ))G'(w')) 

0<Kk, l^i 

belongs to the ideal (w(ti — tj)). Since w(t n +i) — t%i and w(ti — tj) are prime, G'{w) — G'{w') 
also belongs to the ideal (w(ti — tj)). Hence the function G' satisfies the GKM condition on 

T A Al n -i,n+k) 

By (decreasing) induction on n there is a GKM function G 6 R such that G and G' coincide 
onW (ii~l<) k) - Then 

h- {Tn + l-ti> n )G = Q on ]l Wftrffl. 

0<l<k 0<l<k 

Therefore the induction on k proceeds. 

Next we fill the other half of the decomposition (|5.ip . Note that when I n -i = (1, . . . , n — 1), 



/ (o) ir=^ n (Tn + t-U' n y 



2 

0<l<i-n 

Let < k' < 4 - n. 

Claim 3 (&'). If h vanishes on Uo</< 4 _„ ^(/""J;™^ U U <;<fe' W (i"~ U !^i>j- There is a GKM 
function G G R such that h coincides with /^°^, n_1 Ilo<;<fc' ( T «+i + ti' n )G on W^ I !~ 1,n ^~J i ^ . 

We show this claim by induction on k'. For w € Wfy- 1 '"^, by the GKM condition, h(w) 
belongs to the ideal generated by the following elements of H*{F±). 

w(t n+t - t n +k') = w(t n +i) + U' n for < I < k' 

w{t n+ i + t n+ k<) = w(t n+ i) —ti' n for < I < 4 - 71, I ^ k' 

w(t n+k >) = -t v 
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For w £ W^f , by the equation (|5.2p . there is an element G H*(BT) such that 

fc(™)=/(°)£->) J] (r„ +! +i,JH Sm . 

0<Kk' 

One can verify that a function G' given by G'(w) = g w satisfies the GKM condition on 
W.(/„_i,n+fc ) similarly as above. By (decreasing) induction on n there is a GKM function 

G ER such that G and G" coincide on W^?~ J'"^. Then 

A-/^" 1 II (rn+/+t i; )G = 

0</</c' 

0<i<4-n Q<l<k' 

Therefore the induction on k' proceeds. By Proposition 15.11 the function 

/ (o) 'r=^ n (r n+l - ti o 

0<;<4-n 

can be replaced by a polynomial in jj's (1 < j < 4) over H*(BT). Therefore the (decreasing) 
induction on n proceeds, and we may assume h vanishes on W (Spin{9)) — W U kW. 

Next we show that for a GKM function h which vanishes on W(Spin(9)), there is a GKM 
function G G R such that Ii-ujG — on W(Spin(9))\JpW(Spin(9)), where oj — e 4 (T)-e 4 (i)-27 4 
vanishes on W(Spin(9)). Then the GKM condition says that for w £ pW(Spin(9j), h(w) belongs 
to the ideal (p 2 ti | i = 1,2,3,4). For w £ pW(Spin(9)), there is an element g w £ H*(BT) such 
that 

h(w) = -e 4 {p 2 t)g w = u(w)g w . 

It is obvious that a function G' given by G'(w) = g w satisfies the GKM condition on pW (Spin(9)), 
since the edges in the GKM subgraph induced by pW(Spin{9)) have the long roots or pU as 
their labels and the all roots of Fa are prime in H*(BT). Then there is a GKM function G such 
that G = G' on pW(Spin(9)). It is proved similarly as above, changing Wj? to pW 1 ^ , Tk s — ty 

to r ks - pU, n , and f^lr 1 to/wfr 1 . 

Finally we show that for a GKM function h which vanishes on W(Spin(9)) U pW (Spin(9)) 1 
there is a GKM function G £ R such that h — lj(oj + e 4 (p 2 t))G = as a GKM function, where 
w + e 4 (p 2 t) vanishes on pW(Spin(9)). It is proved similarly as above that for w £ p 2 W(Spin(9)), 
h(w) belongs to the ideal (ti,pti \ i = 1,2,3,4). For w £ p 2 W(Spin(9)), there is an element 
g w £ H*(BT) such that 

h(w) = -ei(pt)ei{t)g w = lj(w)(uj(w) + e 4 (p 2 i))g„,, 

where the latter equality is due to the relation (|4.4I) . Then a function G' given by G'iw) — g w 
satisfies the GKM condition on p 2 W(Spin(9)), and there is a GKM function G such that G = G' 
on p 2 W(Spin(9)). It is proved similarly as above, changing Wj? to p 2 VFj? , t/^ — V to t/^ —p 2 ^ , 

and .fWfr 1 to / (2 ^r _1 . The proof is completed. □ 
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6 Proof of Proposition 14.21 

Let us prove Proposition Q~2] and that the relations (|4.13|) . (|4.14p . (|4.15|) . and (|4.16|) hold. For 
convenience we call the relations (gU), (JUTJ), flU]), flU]), (|4"TU1) . (l4~TTj) . (l4"T2")l . (14TT3)) . 

(|4- 14 P - (14-15P - and (|4.16[) by gi, gi, g 2 , 93, 94, 96, 98, 9i2, p' 2 , P2, Pi, and p i2 , respectively. 

Proof of Proposition \J^\ The relations q[, qi, q 3 , and p' 2 hold obviously by definition, and the 
relation p±2 and qi2 hold by the equation (|4.2[) and (|4.3|) . To show p 2 , P4, 96, and qs, we claim 



that the following relations hold in H^Ti). 

e 1 {T 2 )-e 1 {t 2 )={) (6.1) 

e 2 (r 2 )~e 2 (t 2 )-6w = (6.2) 

e 3 (r 2 ) - e 3 (t 2 ) - ei {t 2 )u = (6.3) 



e 4 (r 2 ) - e 4 (i 2 ) + 3w 2 - 2(e 4 (pt) - e A {p 2 t))uj = (6.4) 

The left-hand side functions of these equations are constant on each p £ W(Spin(9)) for e — 0, 1, 2. 
Calculations of each values on p e W(Spin(9)) with the equation (|4.4[) show (|6.ip . (|6 . 2[) . (|6.3[) . 
and (EU) hold. 

We show that (|6.ip , (|6.2p . (|6.3p . and (|6.4p are divisible by 4 to deduce p 2 , Pi, 96, and gs- Let 
X = -Gux^ + e^t^ux 6 ~{3u 2 +2(e4(pt) -e4,{p 2 t))u)x 8 . It follows from dEU), dUSJ), and 

(|6~4T) that 

= n(l-r 2 2 ; 2 )-n(l-^ 2 )+X 

i=l i=l 

4 4 4 4 

= E^ 1 + (-l) fe efe(r)x fe ) 2(1 + e k (r)x k ) - £(1 + {-^t^{t)x k ) £(1 + e fc (^ fe ) + X. 

fc=0 fc=0 fc=0 fc=0 

We modify the right-hand side by the relation qi, p' 2 , and q 3 to obtain 

3 3 rn k 

l]T(-l) fc 7 ^ 2fe ~ 8 ^z 4 + 4]T 2 (-IjVafc-iW* 2 * 

fc=l fe=l i=«fc 

+ 2(e 4 (r) - ei (t))x 4 + 4 72 e 4 (r)a; 6 + 2e 2 (t)(e 4 (r) - e 4 (t))x 6 + (e 4 (r) 2 - e 4 (t) 2 )x 8 + X, 

where nfe = max{l, 2k — 3} and m,k = min{3, 2k}. This calculation is similar to the calculation 
in [FIM1 Proof of Lemma 5.5]. However remark that 7 4 7^ |(e 4 (r) — e 4 (t)). Then comparing 
the coefficients we obtain 

0= -47 1 2 + 4(- 7l e 1 (^+7 2 ), 

= 4 7 2 - 87173 + 4(- 7l e 3 (i) + 72 e 2 (t) - 73 ei(t)) + 2(e 4 (r) - e 4 (t)) - 6lu 
= 4 7 | - 4( ei (r) - ei(£)) 73 + 4(-7 ie3 (t) + 72 e 2 (t) - 73 ei(t)) - 4(e 4 (r) - e 4 (i)) + 12 74 , 

= -4 7 2 - 4 73 e 3 (<) + 4 72 e 4 (r) + 2e 2 (i)(e 4 (r) - e 4 (t)) + ei (t 2 )iu 
= -4r£ - 4 73 e 3 (t) + 4 72 e 4 (r) + 2e 2 (t)(w + 2 74 ) + ( ei (t) 2 - 2e 2 (t))w 
= -4 7 ^ - 4 73 e 3 (i) + 4 72 e 4 (r) + 4e 2 (i) 74 + 4 7 V 
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Regarding GKM functions as elements of M&p(W(G), H*{BT) ® Q), we can divide them by 4 
to obtain 

71 = -7iei(i) +72, 

72 = ei( r )73 + 7i e 3(*) - I2d2{t) + e 4 (r) - e 4 (t) - 374, 

73 = -7363(0 + 7264(1") + 74e 2 (t) + 7 2 ^- 

Since each sides of these equations remain polynomials in H* (-BT)-valued GKM functions over 
Z, these equations hold in H*{F 4 ) C M&p(W (G) , H* (BT)) . The first and the second equations 
show the relations P2 and p 4 respectively. The third equation with P2 shows the relation q§. 
Obviously the relations P2 and qi show the relation 92- We modify the left-hand side of the 
equation (16.4[) by uj — e 4 (r) — e 4 (t) — 274 to obtain 

4e 4 (r) 2 + (-I274 - 6e 4 (t) - 2e 4 (pt) + 2e 4 {p 2 t))e 4 (r) + 12 7 f 
+ (12e 4 (i) + 4e 4 (pt) - Ae 4 {p 2 t)) l4 + 2e 4 {tf + (2e 4 (p<) - 2e 4 (p 2 t))e 4 (t) 

Since e 4 (t 2 ) = e 4 (t) 2 , by the equation (14.4)) it is equal to 

4e 4 (T) 2 + (-1274-4e4(i)+4e4(p 2 i))e 4 (r) + 127| + (12e 4 (t) + 4e 4 (pt)-4e 4 (p 2 t))74-4e 4 (p 2 i)e 4 (t). 

This is divided by 4 to yield 

e 4 (r) 2 + 374(74 - e 4 (r) + e 4 (t)) - j 4 e 4 (t) - e 4 (r)e 4 (t) + e 4 ( j o 2 t)(e 4 (r) - e 4 (t) - 274). 

Erasing 74 by the relations p 4 and (14. 17)) we obtain the relation as 

e 4 (r) 2 - A 2 + (e 4 (r) + 2uo)A + 2uj(e 4 (t) - e 4 (r)) - ooe 4 (t) - e 4 (r)e 4 (t) + e 4 (p 2 t)uj 
= e 4 (r) 2 - A 2 + (e 4 (r) + 2lu)A - e 4 (r)(2w + e 4 (t)) - uje 4 (pt). 

Finally the relation p 4 with P2 and (|4.17p shows the relation q 4 . □ 

7 Proof of Lemma 14.21 

We will prove Lemma [4.21 by the argument of regular sequences. The following theorems and 
propositions are useful. Proposition 17.11 and 17.21 are obvious by definition. 

Theorem 7.1 ([Ml Theorem 16.1]). If a±, . . . ,a n is a regular sequence, then so is a% 1 ,...,a% > 
for any positive integers V\,...,v n . 

Theorem 7.2 ([Mj Corollary of Theorem 16.3]). Let A be a Noetherian ring and N-graded. If 
ai,...,a n is a regular sequence in A and each ai is homogeneous of positive degree, then any 
permutation of ai, ...,a n is again a regular sequence. 

Proposition 7.1. If aj., . . . , a n is a regular sequence, then so is a\, . . . , aj_i, Oj + b, a i+1 , ... ,a n 
for 1 < i < n and any b G (ai , . . . , <Zj_i). 
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Proposition 7.2. Ifai,...,a n is a regular sequence, then so is ai, . . . , <ij_i, a,-_|-i, . . . ,a n for 
1 < i < n. 

Proof of Lemma \4.2\ Let R denote the polynomial ring Z[i,-, 7, 73, 71, 73,0; | 1 < % < 4] and / 
denote the ideal generated by r[, ri, f2, f3, r"4, rg, rg, and ri2 in R. We will show the sequence 

r'i,r 1 2,r 4 ,r 3 ,r 2 ,r 1 ,r 6 ,rs 

is a regular sequence in R^Tj/ITL and the sequence 

ri,ri2,r 8 ,r 6 ,r4,r2,r 3 ,ri 

is a regular sequence in R ® Z/pZ for any prime p > 3. If these sequences are regular, since 
Z/pZ is a field, by |NS, Theorem 5.5.1] the Poincare series of (R/I) <8> Z/pZ is calculated from 
the degrees of the generators and the relations as 

(1 - ^mUi 1 - ^))( x - x2i ) nti(i - * 4i ) 

(1 - .x 2 ) 4 (l -ie 2 )(1 -a; 2 ) 4 nf=i(l - a; 2i ) 

1 d+- 8 +- i6 )ril^ 



(1 -cc 2 ) 4 



for any prime p. Then R/I is free as a Z- module and its Poincare series coincides with that of 
HZ,(Fi/T) by Proposition ^. 1[ completing the proof. 
When p = 2, we have 



''1 


= ei(i) 




ri 


= -(eiW 


,- ei (i)) 


ri 


= -(ea(r) 


i-e 2 (t)) + (ei(r 


rz 


= -(e 8 (r) 


'-e 3 (i)) 


ri 


= e 4 (r) - 


e4(t) — 3w 



in (R/I) €5 Z/2Z. Especially we have 

A = 7 4 - 73d (r) mod (e,(t) | 1 < * < 4) (7.1) 

r& = l! mod (7, ei (i), e 4 (r) | 1 < i < 4), (7.2) 

and by the equation (17. ip 

r 8 ee -7! mod (e,^), e 4 (r), w | 1 < i < 4). 
It is well known that the sequence of the elementary symmetric polynomials 

ei(x),e 2 (a;), . . . ,e n (x), 

that is, the sequence of the Chern classes is regular in Z/p7,[xi | 1 < % < n] for any prime p. 
Since the polynomial ring R is Noetherian, by Theorem 17.21 the sequence 

7: ei(i), e 2 (t), e 3 (t), e 4 (t), u, e 4 (r), e 3 (r), e 2 (r), ei(r), 73, -7® 
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is regular in R. We modify this sequence by Theorem 17.11 and Proposition 17.11 to obtain the 
following regular sequence. 

7, r[,e 2 (t), e 3 (i), e 4 (t), w 3 , r 4 , r 3 , r 2 ,r 1 ,r 6 ,r 8 
Since p 2 i4 = —7 and e 4 (pi) — — e 4 (t) — ei{p 2 t) = mod (7,64(4)), by Proposition 17. II 

7, r[, e 2 (f), e 3 (f), e 4 (t), ri 2 , r 4 , r 3 , r 2 ,r 1 ,r 6 ,r s 
is a regular sequence. Hence 

ri,ri2,r 4 ,r 3 ,r2,ri,r6,r 8 

is a regular sequence by Proposition 17.21 

When p > 3, we will show the regularity of the sequence r' 1; r 12 , r 8 , r 6 , r 2 , r 3 , ri by the 
modification as follows. Put r' 2 — 72 — 7i — 7iei(i) and r 4 = 74 — uj + A. They correspond the 
relations (|4.14[) and (|4.17p . Then the following ring isomorphism holds. 

(Z[t i} 7, n, 71, 7 3 , ui I 1 < i < 4]/(ri,ri,r2,r 3 ,r 4 ,r 6 ,r8,ri2) ® Z/pZ 
= (Z[tj,7,ri,7i,cj I 1 < i < 4]/(r / 1 ,ri,r2,r 3 ,r 4 ,r6,r 8 ,ri2,r 2 ,r 4 ) ® Z/pZ (7.3) 

Let ei, e2, e 3 , and en be the left-hand sides of (|6.ip . (|6.2[) . (|6.3p . and (|6.4I) respectively, namely 

ei = ei(r 2 ) - e 2 (£ 2 ), e 2 = e 2 (r 2 ) - e 2 (i 2 ), 

e 3 = e 3 (T 2 ) - e 2 (t 2 ) - ei(i 2 )w, e 4 = e 4 (r 2 ) - e 4 (i 2 ) + (e 4 (pi) - e 4 (p 2 t))w. 

Recall that ei, e 2 , e 3 , and e± are divided by 4 to yield r 2 , r4, r 6 , and r 8 respectively. Since 
p > 3, 2 is invertible in Z/pZ. Then (|7.3|) is isomorphic to 

(Z[£i,7,Ti,7i,w I 1 < i < 4]/(ri,ri,e 2 ,r 3 ,e 4 , e 6 ,e 8 ,ri2,r 2 ,r 4 ) ®Z/pZ 
= (Z[tj,7,rj,7i,7 3 , cj I 1 < i < 4]/(r / 1 ,ri,e 2 ,r 3 ,e 4 ,e 6 ,e 8 ,ri2) ® Z/pZ. 
Since 71 and 7 3 can be canceled by the relations r\ — and r 3 = 0, it is isomorphic to 
(Z[ij,7,7i,w I 1 < % < 4]/(r / 1 ,e 2 ,e 4 ,e 6 ,e 8 ,r 12 ) ®1/p1. 

Hence it is sufficient to show that the sequence r' l5 ri2, e 8 , eg, e4, e 2 is regular in i? ® "IhlpTL. It is 
well known that the sequence of elementary symmetric polynomial in {xj }™ =1 

ei(x 2 ),e 2 (x 2 ), ■ ■ ■ ,e n {x 2 ) 

that is, the sequence of the Pontryagin classes is regular in "L/pl^Xi | 1 < i < n] for any prime 
p. Since the polynomial ring R is Noetherian, by Theorem 17.21 the sequence 

7: e 1 (t),e 2 (t),e 3 (t),e i (t),u, e 4 (r 2 ), e 3 (r 2 ), e 2 (r 2 ), ei(r 2 ) 

is regular in i?. We modify this sequence by Theorem 17.11 and Proposition 17.11 to obtain the 
following regular sequence. 

7, r[ , e 2 (t ) , e 3 (t ) , e 4 (i ) , r 12 , e 8 , e 6 , e 4 , e 2 

Hence 

r[,r 12 ,e 8 ,e 6 ,e4,,e 2 

is a regular sequence by Proposition 17.21 Therefore R/I is free as a Z- module and its Poincare 
series coincides with that of H^F^/T). □ 
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8 Proof of Corollary 11.11 

Proof. Let R be the polynomial ring 2^,71,73,0; | 1 < i < 4]. By the argument in Section [T] 
we have the isomorphisms 

H*(F 4 /T) £* J ff;(F 4 /T)/(ii,t 2 ,t 3 ,t 4 ,7) 
= i?/(ri,r 2 ,r 3 ,r4,r 6 ,rg,ri 2 ), 

where 

r 4 = e 4 (r) - 27 3 ei(r) + 27^ - 3w, 

r' s = e 4 (r) 2 - ( 7l 4 - 2 73 ei(T)) 2 + (e 4 (r) + 2o;)( 7 4 - 2 73 ei(r)) - 2o;e 4 (r). 



We show 

r 4 = r 4 mod (r 4 ,r 3 ), (8.1) 
r 8 = r 8 mod (ri,r 3 ,r 4 ,r 6 ) (8.2) 

to prove the equality of the two ideals (f 1, T2, r 3, r' 4 ,re,r' s ,r 12) and (ri, r 2 , r 3 , r 4 , r 6 , r 8 , 7q 2 ). 
Since the relation T\ = r 3 = means e^r) = 27^ for i = 1,3, the equation (I8.1[) holds. By the 
relations r 4 = we can deform r 8 as 

3e 4 (r) 7 4 - 7 f + (e 4 (r) - 4 7l73 + 2 7l 4 )(o; + 2 7l73 ) (8.3) 

in R/(fi, r 3 , r 4 ). On the other hand r 8 yields 

e4(r) 2 - ( 7 4 - 2 7 i 73 ) 2 + (e 4 (r) + 2o;)( 7l 4 - 2 7 i 73 ) - 2o;e 4 (r) (8.4) 

in i?/(ri,r 3 ,r 4 ). Then the difference of and is 

e 4 (r) 2 + 47 2 7^ - 27 4 e 4 (r) - 47i7 3 e 4 (r) - 3o;e 4 (r) 
= (e 4 (r) + 2 7 4 - 4 7 i 73 - 3o;)e 4 (r) + 47 2 (-7 2 e4 (r) + 7a 2 ) (8.5) 

By the relations r 4 = and rg = 0, (|8.5j) equals to zero in R/(fi, r 3 , r 4 , rg), and then (|8.2|) 
holds. □ 
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